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1.8 107 øÞþ?á
á
éñòªø"éñô 
AèªéÑôBâDôò 
þ?ï¾è äúâ½ò¸âDã`ä`äåé½ê¾éÑø âèxwñòªéÑø
h = 30 cm øªâDì Tâô¯ò/*ïAé¨äåâ}ò¸âDã`ä`ä`éêAïêAþDáâDã`ôBéHy ,þDãÂòªé3éÑô Dä`þ2,Tâôòªéz1éÑøÍò 85m × 85m × 70m í{é)*ïBãá
þ?ôòÞèªé ,Aãåéñô *ïBé¹ä/r âDôBâDäÂù¾øÞéVê¾éÑø"è(ÑøÞïAä`ò¸âòªøô.r éÑøÍò 
TâDøRâìÑìÑéÑøÞøÞã3,Aäåé½éÑôêAã`á
éÑôBøÞã`þDô}òÞèªþ?ã`øÑí
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ÊHÊkÉ±ÇLÅ mÅ  Ì
vxwH~-/rt|krt~wBv{lzTu-l  ©Âlk/lku-  lvxwHzTvtu-y/r{zT| º-~wB}l?-lkjH~-v{lº~"zTu-.v{lojwBrtvtvxwBl  lywBrtvtv{l
h1
lk|s¼srtzT|
90
  lmvª©Âlk/lku-Hlk|c|zT/jml
L2
zT|sy*zTjHjHr{  wB|vxw­¬kr{zT|
D  Ô9lyzTu-yljwB|-r{iklºBvxw  lk|/rty¬  l1jwBrtvtvxwBl,zT-ylk|u,w¯¼l3vª©`w  wB~-ywBy/r{zT|  l¨jwBrtvtvxwBl¨ly¹³suwT/rtjmlk|sy
jwA\rtjwBv{l  wB|lky/ylo¬kr{zT|Rµ
}zTuzT|r  ¬kzT|.³suR© u-|lozTvtu-y/r{zT|
u
l/y 	¸~-zshlC  l9vxwHzTvtu-y/r{zT|  l¬?ÐÞ¬klk|l
urefrRlkvtv{l9¼¬k/rÀ¿l0/
‖uref − u‖L2(Ω)
‖uref‖L2(Ω)
≤ 0.008
lky ‖uref − u‖H1(Ω)
‖uref‖H1(Ω)
≤ 0.34 ,
lkyrRlkvtv{l¼¬k/rÀ¿l0/
‖uref − u‖L2(Ω\D)
‖uref‖L2(Ω\D)
≤ 0.002
lky ‖uref − u‖H1(Ω\D)
‖uref‖H1(Ω\D)
≤ 0.1 ,
z$# v{l­zT|/ywB|sylcÃÍ³su-rowB~-~wBwBr{lk|y  wB|­l·lkvxwBy/r{zT|DÄ·zT|sy  ¬?¿|-r{lf°«~wB/y/rt  l
¬u-vtywBy,zT-ylk|uV/u-¹v{l  lku\jwBrtvtvxwBl,u-|-rÀÐÍzT/jml,³su-rzT|sy  zT|-|¬  wB|(v{l
gwB-v{l¯wBuÏµ
±wBrtvtvxwBl qLzTjHjmlky ,v{¬kjmlk|y
‖.‖L2(Ω) ‖.‖H1(Ω) ‖.‖L2(Ω?) ‖.‖H1(Ω?)
2href 332 763 662 848 0.0083 0.345 0.0024 0.119
4/3href 749 696 1 495 310 0.0088 0.356 0.0010 0.062
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Ê?È Ì ÇTËmÊ?È  ÊÉªÅTÌ	{Ê
h1 = 4/3href
ÊkÉ
h2 = 2href
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ÊDÈA
    $,.@1 /21  4,* =(+3,'> 
}zTu.wBvtv{zT|}wB~-~-vtr{³ulk}v{lh¬kjwHkvxwT/r{³ul  ©`w  wB~-ywBy/r{zT|  l9jwBrtvtvxwBlwBu­~-zT-v{ikjml
jmz  ikv{llk|  rtjmlk|/r{zT|  lku\"º ~-llk|y¬  wB|vxwfqLlky/r{zT| \µ`\µ ÁRl&-u-yly  ©`wBy/ylkrt|  l vxw
zTvtu-y/r{zT| wBumylkjH~½~-h\/r{³ul
tmax = 0.2
lzT|  lµ }zTu¨wBvtv{zT|Vl =lky/ulk,~-vtu/r{lku-¨¬k/r{l
 l¯wBv{ku-v{.lk|­jmz  rÀ¿	wB|sy.v{l9|zTj-l  © rty¬kwBy/r{zT|  ©`w  wB~-ywBy/r{zT|fl =lky/u¬l
~"zTu-.wB|wBvtLlk
vª© rtjH~wTky  l½lkvtv{l/²¸krªµzTu zTjH~wBlkzT|¹v{lzTvtu-y/r{zT|
ÃÞw  wB~-y¬lDÄRzT-ylk|sul(°
vxwzTvtu-y/r{zT|
 l9¬?ÐÞ¬klk|lµ
Ô9wB|hwT³sul¯wBv{ku-vªºRvxw  lk|/rty¬ml/yohzTr{/r{lzTjHjmlH¼wB/rxwB-v{lm~"zTu-ovxw  ¬?¿|-rty/r{zT|  l
vxwjm¬ky//r{³sulº©Âl/yÑ²ë°A²  rtl³suR©ÂzT|  ¬/rtl¬³su-rÀ²ª¬k~wB/y/rt
vª©Âlk/lku-  © rt|ylk/~"zTvxwBy/r{zT|  u­hwBjH~
 l  lk|/rty¬µ\ÁRl3~wBwBjmiky/l  ©`w  wB~-ywBy/r{zT|  l.jwBrtvtvxwBlzT|r  ¬k¬zT|y3v{l¨j  kjml
~"zTu-
hwT³ul¯wBv{ku-vwA¿|  ©`w¼zTrt}vxwj  kjmlozTjH~-v{l?\rty¬0/
ε = 0.001, hmin = 0.15 m, hmax = 20 m
lky
hgrad = 4 ,
z$#
ε
l/y9v{l*lku-rtv  ©Âlk/lku-~-lk/rty¯º
hmin
ÃFl/~Rµ
hmax
Ä.vxw&ywBrtvtv{l*jHrt|-rtjwBv{lÎÃFl/~RµjwA\rÀ²
jwBv{l¾Ä9wBu-yzT/r{¬lmlky
hgrad
vxw w  wBy/r{zT|¦ÃñÌ@FÊABv{l*wB~-~"zT/y  l*ywBrtvtv{l*jwALrtjwBvVlk|y/l  lku\
 í7{éñìÑãséBs 
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éñø"øÞþ?ôò ("*ïBã	Dâû
äåéñô¯òªéñøÑíàô
ééñò9tä`éRáâDã`ä`äåâ  ?éêAé=ò¸âãåä`ä`é
2 href
éÑøÍò	øÞã`á
ãåäåâã`èªéâDï
áâã`äåäåâ  ?éêAé=è(ñõ (ëèªéÑôBìÑéytì/âèþDôâ,øÞéñïBä`éÑá
éÑôò
ìÑþ?ï 
(ä`éÑøâèxwëòªéÑø
éÑô&êAéÑïszëíî ä`þDèªø)*ïBé}ìÑéÑä`ïBã/t	êAé.ò¸âDã`ä`ä`é
4/3 href
tôAéìÑþèÞèªéÑø 
þ?ôBê 
Tâø
âDï&áâDã`ä`äåâ  ?é9êAé
è(ñõ (ñèªéñôBìÑé?í
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  ÅDÆ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Ê Æ\ÇsË{ÊDÈ3Æ	Ë/ÇÊDÈÌ-ÈkÉªÅÉÍÌÍÇ	ÅTÌFË/Ê?È ¯
¬kv{¬kjmlk|sy3¼zTr{/rt|DÄ?µ\ÁRljwBrtvtvxwBlrt|-rty/rxwBvRl/y¨u-|&jwBrtvtvxwBlow  wB~-y¬wBu\&zT|  rty/r{zT|
rt|-rty/rxwBv{l¾º
zTjH~"zT/ywB|y
1 553
zTjHjmlky.lky
2 917
y//rxwB|-v{l¾º 1rtu-l\µ
zTu-hwT³sulo/rtju-vxwBy/r{zT|Rº|zTu.wBvtv{zT|~-¬kr{lk  wB|v{lg1wB-v{l¯wBuÏ /
1¦v{l9|zTj-l  ©`w  wB~-ywBy/r{zT|  ljwBrtvtvxwBll "lky/u¬l /
nadap
º
1¦vxwHywBrtvtv{l  u®jwBrtvtvxwBl¿|wBv*/
np
v{lo|zTj-l  l~zTrt|sy}lky
ne
v{lo|zTj-l  ©Â¬kv{¬kjmlk|sy
ÃFy//rxwB|-v{lDÄ?º
1¦v{lylkjH~  l ¯wBv{ku-v¨v{zTwBv  l&vxwÎ/rtju-vxwBy/r{zT|
t cpu
l =lky/u¬l&/u-u-|lywBy/r{zT|  l
y/w¼wBrtv ½°H fh w¼l
500
fz  l9jm¬kjmzTrtlº
1¦vª©Âlk/lku-.lk|Î|zT/jml
L2
lky
H1
~wB
wB~-~"zT/y}°vxw*zTvtu-y/r{zT|cÃFvxw  lk|rty¬¾Ä  l¬?ÐÞ¬klk|lµ
}zTu1wBzT  zT|v{l,~-zT-v{ikjml  l  lku\Ðªw zT|  rE =¬klk|yl¾µAÔwB|Rvxw~-lkjHr{ikl¨wB~-~-zLhlº
|zTuhzTr{r{zT|  lHÐªwBrtl~"lku  ©`w  wB~-ywBy/r{zT|  lmjwBrtvtvxwBlº1~wBzT|y/l |zTuw  wB~-yzT|
ÐÍ¬³sulkjHjmlk|y.v{l9jwBrtvtvxwBl  wB|
vxwHlzT|  lµ
 !8! B×=Ú   ¶}|Hl "lky/ul
20
w  wB~-ywBy/r{zT|  l3jwBrtvtvxwBl
l
³su-r\lk~-¬lk|yl3u-|lw  wB~\²
ywBy/r{zT|ÏyzTu-yl9v{l
∆t = 0.01
lzT|  lµ"Á wywBrtvtv{l  ufjwBrtvtvxwBl¿|wBvÃÞw  wB~-y¬¾Ä}zT-ylk|u»l/y
~-vtu,~lky/rtyl³sullkvtv{l  uHjwBrtvtvxwBl  l
¬?ÐÞ¬klk|l  l  lku\mzT  l  l3wB|  lku-¯µ %¸vlk|ly  l
j  kjmlo~zTu-
v{l9ylkjH~  l¯wBv{ku-vªµ¹wB.zT|y/lº  wB|l¯wT
vxwHzTvtu-y/r{zT|fzT-ylk|ul|R©Âl/y.~wT
+-,/.-0¹71 
Å 5\Ê mÅTÌ	tÅ
Ê  Ê 5Å 5H ¨ÌÌFÉÍÌÞÅ    ÇmÅTÌÊ 9ÊÉ #  ËÑÇTÌÍÉ¸Ê tÅfÈkÇ \ÉÍÌÍÇ
ÌÌÍÉÍÌÍÅtÊ  {ÊDÈ)5Ç  ÌFÉÍÌÞÇ-ÈÌÌFÉÍÌÞÅ{ÊDÈ   5Å5 
nadap np ne t cpu ‖.‖L2(Ω) ‖.‖H1(Ω) ‖.‖L2(Ω?) ‖.‖H1(Ω?)
20 14 399 28 291 10
jH|
0.0138 0.415 0.0064 0.171
40 19 052 37 592 18
jH|
0.0114 0.395 0.0043 0.156
60 22 384 44 285 25
jH|
0.0122 0.437 0.0044 0.142
100 26 476 52 441 35
jH|
0.0139 0.459 0.0086 0.210
200 29 203 57 905 59
jH|
0.0189 0.428 0.0152 0.228
Href 1 345 824 2 686 286 37
h
30
² ² ² ²
	0R 1 3	ÉªÅÉÍÌýÈ?ÉÍÌ98HÊDÈ  ÊDÈ6mÅTÌÀÅ
sÊDÈ 
 	Å ®Å  Å?ÆÉDÈ}Æ\ÇLË tÊDÈmÅDÆÆËÑÇ5 \ÊDÈ&Å BÊ5
20

40

60

100
ÊkÉ
200
Å  Å?ÆÉªÅÉÍÌÞÇ-È  Ê mÅTÌ	tÅ
Ê·ÊkÉ tÊDÈ ÊkËDËÊLËÈËÊtÅÉÍÌ BÊDÈ  Ê?ÈHÈkÇ LÉÍÌÞÇ-È 
 ÅtÊ?È
  Ê-È?ÌFÉ ÈsË
Ω
ÊkÉ
Ω? = Ω \ D

CDC ôE.FHGJIK
     tÅ¾ÊkÉ	
 "ËÊ.Ê/ÇTË 
ÊHÊkÉ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LÅ mÅ  Ì
DwBy/r{ÑÐÞwBr{DwB|ylºLlk|&l =lky½vª©Âlk/lku-
L2
ÃFl~Rµ
H1
Ä(/u-
Ω \D
l/y
3
ÃFl/~Rµ
1.7
Ä(ÐÍzTr{¨/u-~"¬k/r{lku-l
wBuÎlku-rtv  zT|-|¬~-¬¬  lkjHjmlk|yHÃÍ?Ð/µ-gwB-v{l¯wBuÏÄ?µ
§¨lkr	l/y    wBu|zTj-lrt|/u\ÕwB|y  ©`w  wB~-ywBy/r{zT|
l =lky/u¬l¯º³su-ry/w  u-rty¨v{l
ÐªwBrtyV³sul
v{l9ylkjH~
∆t
º\lk|y/l  lku\­w  wB~-ywBy/r{zT|¯º	l/y
~-vtu3wB|  ³sul9vª© rt|ylk/¼wBvtv{l  l9ylkjH~¯wBwT?²
y¬k/r{y/r{³ul  uÏjwBrtvtvxwBl
τ
µÁ w 1rtu-lHmjmzT|sy/l*vª©Â¬k¼zTvtu-y/r{zT|  lvxw&zTvtu-y/r{zT|  l¬?ÐÍ¬klk|l
lky3vxwzTvtu-y/r{zT|Îlk|·ÐªwBr{wB|y
20
w  wB~-ywBy/r{zT|  ljwBrtvtvxwBlµÁwzTvtu-y/r{zT|®w  wB~-y¬lol/y  rE u¬l
°Î¯wBul  uÒlkywB ¤ u¤jwBrtvtvxwBlm~wBowB~-~"zT/y° vxw­zTvtu-y/r{zT|Rµ1§¨lky/yl  rE "u/r{zT|¤lmy/w  u-rty
~wBu-|l~lk/yl  © rt|ylk|/rty¬  l9hzLj  kjmlrrtv{zT|y-r{lk|±/rty/u¬  wB|}v{l  zTjwBrt|l  l
¯wBv{ku-vªºVzT| zTjHjmlky  zT|®u-|lÎlk/lku-  lÎ|zT/jmlµ¨¶}| v{l­¼zTrty&~-vtum~-¬kr{¬kjmlk|sy u-mvxw
1rtu-l ÏÃÍlk|»hwBu-yDÄ?º=z$#ÒzT|Òw vxw  lk|/rty¬  l*vxw zTvtu-y/r{zT|»v{l*v{zT|-  l  zTrtyl  ©Â¬³suwBy/r{zT|
y = 4
lky
y = 3.07692x−17.4615
y/w¯¼lkwB|yVv{l  zTjwBrt|lµs¶}|H|zTylwBu/r-³ul¨v{l¨jwBrtvtvxwBl
l  ¬kw  l  l~-vtulk|®~-vtuwBuÎ¿v  l9w  wB~-ywBy/r{zT|¯wBvxwmzTvtu-y/r{zT|Ïl/y  l~-vtulk|Ï~-vtu
 rE "ulHÃFv{l
~-h¬k|zTjmik|lzT|y  l9jmzTrt|  lrt|sylk|/rty¬¾Ä?ºl³su-r=wT¬kv{ik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